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The problem of motion of an interceptor spacecraft along a three-dimensional trajectory
in a central gravitational field is considered ; this trajectory is the mapping in the invo-
lute plane of the shape, dimensions, and orientation of the Keplerian orbit of the target
spacecraft, Control laws which yield analytical solutions of the encounter problem are
chosen. The active spacecraft is referred to as the "in-
terceptor”, the passive spacecraft as the "target",

1, The motion of the interceptor under the control-
ling acceleration W applied to its center of mass 0, is
described by equations in the rotating right~hand ortho-~
gonal coordinate system Ozyz whose y-axis coincides
with the radius vector constructed from the attracting
center O to the point 0,, and whose z-axis coincides
with the direction of motion in such a way that the vec-
tor of the absolute velocity of the interceptor's center
of mass lies in the zy-plane. The orientation of the

Fig. 1 axes ryz relative to the inertial coordinates is defined
(see Fig. 1) by the longitude Q of the ascending node,
the inclination i of the instantaneous orbital plane to the equator, and the range angle
u. The equations of motion of the center of mass of the interceptor are

Vi =Wy + 0,Vy, V=W, — o, .—g (1.1)
O=W,+ oV, 0,=—V_/r g=g R/ 1)

The rates of change of the angles defining the orientation of the rotating axes relative
to the inertial axes are given by the differential equations
dQ sinu  di u .
=% sn 7t = Wy COS U, :ﬁ—_——mz——mysmuctgi (1.2)
We shall make our choice of the control law for the motion of the center of mass of
the interceptor subject to the conditions of integrability of equations of motion (1. 1),
(1.2); moreover, we shall restrict its choice to the class of functions in which the con-
trol constants ensuring convergence of the spacecraft can be determined with sufficient
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ease,

We showed in[1fthat kinematic equations (1,2) are integrable regardless of the con-
trol law for the motion of the center of mass of the interceptor in the involute plane if
the projection of the controlling acceleration on the direction perpendicular to the instan-
taneous orbital plane varies according to the law

W,= KVt /r (K = const) (1.3)

The presence of a controlling acceleration W, implies motion of the orbital plane of
the interceptor. By suitable choice of the quantity X in control law (1. 3) and of the
instant of its actuation we can ensure coincidence of the orbital planes of the intercep-
tor and target, This is the control law for the motion of the orbital plane which we adopt
in the present paper,

The motion of the interceptor in the involute plane along a trajectory having the shape
and dimensions of the target's orbit is subject to the constraints

—— 2h 92 2
tg 0=+ Var+or—1, a=r5, b= gOCI:O (1.4)

Tph = Tqn for t = ¢,

Here % is the constant of the energy integral, ¢ is the constant of the interceptor-
target area integral, the subscripts p and ¢ denote the interceptor and target, respectively,
and ¢ is the angle of inclination of the absolute-velocity vector V to the local horizon,
This constraint was obtained by transforming the energy and interceptor-target area inte-
grals, The first two equations of (1, 1) describe the motion of the interceptor in the invo-
lute plane, The polar angle between the initial and final positions of the radius vector
of the interceptor's center of mass in this plane is given by

'
J=— szdt (1.5)
to

Knowing this angle, we can determine the required value of rpo at the start of the con-
trolled motion which ensures fulfilment of the second condition of (1, 4), and also the

angle 6.
In fact, Vy =1V, tgb Vy=r) (1.6)
and, recalling (1.4) and the fourth equation of (1. 1), we obtain
Tek
J=\ 9 for Am—da—b2£0 (.7

J rVarFbr—1
7‘}0

The angle J in the segment of the interceptor's trajectory where W, = 0 must be
determined from the initial conditions, -Over the segment where W == 0 the angle ./
is given by the formulas [1]

:\‘k .
: dz sign (K cos u)

J:
S V—(1+K¥)a? 4 2kz + K2— k2
Xo
cosi — K sinu sini =k, k==cos io — K sin u, siniy (1.8)
3
o ——QO_S

(x =cos i)

(z —k)sign (K cos u) dr
(@ — )V —(TF K?)a* 4 2kz 4 K2 — &2

The quantities X and k can be determined by substituting the given values of 2y, ig
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Qp, iy, u, into Egs. (1, 8), where the subscripts 0 and % denote the start and termination
of the maneuver of rotating the orbital plane until it coincides with the orbital plane of
the target,

The resulting value of the integration constant % can be used to find the range angle
ug whose attainment coincides with the start of controlled motion of the interceptor’s
plane,

Thus, if the time interval between the beginning and end of controlled motion in the
involute plane is larger than the time interval between the beginning and end of the
orbit rotation maneuver, i, e. if the former interval includes the latter, then the angle J
breaks down into three parts on a unit sphere ; the motion over the first and last parts is
along great-circle arcs; the motion over the middle part of the angle proceeds along
the curve defined by Egs. (1. 8)., The curve is a minor-circle arc,

2. The first equation of (1, 1) is integrable if
We=f@®/r (2.1)

The structure of f (#) will be determined when we synthesize the control laws (see
below), Integrating this equation, we obtain

t
Var=Vyon+ \ /(D) dr =@ (1 (2.2)
to
Integrating Eq, (1.6) with allowance for (2, 2) and the first equation of (1. 4), we obtain
t
r? rdr . i .
\ iV = | rwa= o (2:3)
T 50 to

The set of equations (1, 4)~(1, 8),(2.2),(2, 3) completely defines the motion of the
interceptor in time, The next step is to find the law for the controlling acceleration W,
which ensures fulfilment of constraint (1, 4), Transforming (1, 6) with allowance for(1.4)

; i o
and (2, 2), we obtain v, =+ gf_}vaﬂ 1 2.4)

Differentiating this equation and combining the result with the second equation, we
obtain the general form of the required control law,
2
Wy fp((t))r +g ( ? (t)\ (2.5)
3. Synthesis of the structure of control laws (2, 1) and (2.5) begins with determination
of the conditions ensuring contact of the interceptor and target with a prescribed ratio
of their velocities Vypy/Vqp- Transforming Egs, (2. 2) and (2, 4), we obtain

Vor I Vaxr =9 (t)/ C, Vex=C V ar,® + bra/rk (3.1)

Here ¥, is the velocity of the center of mass of the target at the point of contact,
Since 6§, = 6, at this point, it follows that

pr/ qu = Vzm/qu = qj(tk)/ c

Equation (3, 1) yields the first condition

P (tp) = Cy (3.2)
which the required control laws must satisfy, According to (2. 3) the second condition is
1 (fp) = C, (3.3)

Relations (3.2),(3.3) imply that the function f (¢) must depend on at least two
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parameters, i, e. f (f} = f (&, o1, t).

In the simplest case where the target is a satellite moving in a circular orbit and con-
trol of the motion of the interceptor's orbital plane coincides in time with control in the
involute plane, the function f (f) can be found from the minimum condition for the

functional t t
J= SW?dz, We=W, 2 p W2 W, for 6= Sq)(t) dt = C; (3.4)
to to

Differentiation of (2, 2) yields the relation
9 () = f(2) (3.5)
For r = const we have C? = gr31 and the second equation of (3, 4) with allowance for
(2. 1),(2. 5), (1. 3) and (3. 5) becomes
W2 = (93 a19* 4 alztlp2 + oay) /2, a1 = (K2 + 1)/r4, ay, = —2g/r, az= g'r® (3.6)
Thus, Eqgs. (3. 4) with allowance for (3, 6) reduce to the isoperimetric problem of vari-
ational calculus in which the required control is an extremum of the integral

ty

Ji= S(W2 +AQ)dt=min (A = const) (3.7)
to

Integrating the Euler equation for functional (3, 7) with allowance for (2, 1) and (2. 2),

we obtain P = a @t + 0,0° + A + Waer? — (K* -+ D)Vt + 281V — AVor®

This equation reduces to the quadrature
4

S dy (t—t) VKT 1 - 2gr
+ Vo b by b0 P Lo TR
Do
3.8)
Aré r 2,2 2 7 2
bg:m, by = m[”’xor — (K1) Vot 4 2grVo — AVor3)

The form of the solution of Eq, (3. 8) depends on the roots of the equation
v F byt by 1 by =0

However, these equations can be expressed in terms of elliptical integrals of the first
kind in every case, Inversion of the elliptic integral yields the function ¢ (¢), which is
a third-degree polynomial when two terms are retained in the expansion,

The parameters A and W,,can be determined from boundary conditions (3, 2), (3. 3).
If it is necessary to find the control of simplest mathematical structure, them we can
rake 1) =00+t (3.9)

Then, recalling (2. 2) and (2, 3), we obtain

@ (8) = gt + Yomat® + &ty (@3 = Vixo)
@1 (1) = Vaugt? - Ysout3 + ot (3.10)

for t, = 0 The control parameters o, and &, can be found from Egs, (3. 10) for ¢ = ¢,
with allowance for boundary conditions (3. 2) and (3. 3), Having determined the coeffi-
cients ¢, and &, , we assume that we have determined control laws (1. 3),(2, 1) and (2, 5),
provided the absolute value of the controlling acceleration W satisfies the inequality
Woantn () < W (8) < Wi (9
If this inequality is not fulfilled, then the final conditions (i, e. the neighborhood and
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time of interception) for given initial conditions are altered; conversely, the initial con-
ditions are altered for given final conditions,

Control law (3, 9) is valid for interception of a target in any orbit, be it circular, ellip-
tical, parabolic, or hyperbolic,
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We consider a control system described by an nth order differential equation with random
coefficients, Necessary and sufficient conditions of existence of a linear control stabi-
lizing such a system in the mean square and conveying a minimum to the quadratic
quality criterion are obtained, The problem of stabilization of a stochastic system in
which the noise depends on the magnitude of the controlling force was also studied in
(11

1, Let a linear stochastic system be given, defined by the following nth order differ-
ential equation:

™ 4 (o + & OV 4 ot o, F EOly =B+ o (Dle (1.1

a; = const, by=const=£0 (i=1.2,.,n)

where

u is a scalar control, £;’(f) are the Gaussian white noises with zero mathematical expec-
tation which are,in general, interrelated in such a way that

ME (1) & (s) = 22450 (¢ — 9)
and 7 {f) is a white noise process independent of the set §; (#),...,8,'(#) . In addition

Mn (1) =0, My (O (s) = 28 (1 — 3)
Let us set
y=X1, ¥ =X y"V=1x,
Then (1,1) can be assumed to represent a system of stochastic differential Ito equa~
tions (see e. g, [2]1) dX; = X,df, dX,= Xedt,...,dXp1 = Xpdt (1.2)

n n
dx, :<_ DTS +bu> dt— D) agX, ;. dn (1) +oudn ()

jom i, =1
where 14, 1,,...,M, and 1 denote mutually independent Gaussian Markov processes for
which Muys (8) = 0, M2 () = 2t

and the matrix Joy; | is obtained from the condition

loty; ey ll=llas, I



